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COMPLEX MANIFOLDS WITH NEGATIVE CURVATURE OPERATOR
MAN-CHUN LEE AND JEFFREY STREETS
Abstract. We prove that compact complex manifolds with admitting metrics with
negative Chern curvature operator either admit a ddc-exact positive (1, 1) current, or
are Ka¨hler with ample canonical bundle. In the case of complex surfaces we obtain a
complete classification. The proofs rely on a global existence and convergence result for
the pluriclosed flow.
1. Introduction
Since the original work of Hamilton classifying three-manifolds with positive Ricci cur-
vature [13], the Ricci flow has found many applications in understanding the topology
of manifolds satisfying certain curvature bounds. Examples include the proof of the
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-pinching differential sphere theorem [3], the classification of manifolds with positive
curvature operator [14, 2], and others [18, 20]. In the setting of complex geometry, the
Ka¨hler-Ricci flow has been used to give a proof of the Frankel Conjecture [4], classifying
Ka¨hler manifolds with positive bisectional curvature operator (cf. also [11, 19]). Some re-
cent works have used the Hermitian Curvature Flow, an extension of the Ka¨hler-Ricci flow
to the setting of complex, non-Ka¨hler geometry introduced by the second author and Tian
[23], to prove new classification results for complex manifolds admitting Hermitian metrics
satisfying certain curvature conditions. For instance Ustinovskiy [25] gave an extension
of the Frankel Conjecture, proving that complex manifolds admitting Hermitian metrics
with weakly positive bisectional curvatures, positive at one point, are biholomorphic to
projective space.
While the results mentioned above focus on positivity conditions for curvature, various
notions of negative curvature have appeared in complex geometry. Inspired by ideas
from Kobayashi hyperbolicity, Yau conjectured that if a projective manifold admits a
Ka¨hler metric with negative holomorphic sectional curvature then the canonical bundle
of the manifold is ample. Very recently, Wu and Yau [26] had confirmed the conjecture.
Shortly after, the assumption on projectivity was removed by Tosatti and Yang [24].
Later on, Diverio and Trapani [8] further weakened the assumptions to quasi-negative
holomorphic sectional curvature. See [27] for a independent proof by Wu and Yau and
also [12, 15, 16, 28] for related works. Also the first author used Hermitian curvature flows
to show that the canonical line bundle of a compact Hermitian manifold with nonpositive
bisectional curvature and quasi-negative Chern-Ricci curvature is ample [17].
Our main result classifies compact complex surfaces admitting a Hermitian metric with
negative Chern curvature operator. Specifically, given (M2n, J, h) a Hermitian manifold,
let Ωh denote the curvature tensor of the associated Chern connection. We say that h has
non-positive (resp. negative) curvature operator if there exists δ ≥ 0 (resp δ > 0) so that
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for any section ξ ∈ Λ1,1T , one has
ξjiξlkΩh
ijkl
≤ −δ |ξ|2h .(1.1)
In fact, our results will hold in slightly greater generality. We only require that the
inequality (1.1) hold on the cone of nonnegative (1, 1) tensors ξ. This condition appeared
in the recent work by Yang and Zheng [28] where it is referred to as “negative real
bisectional curvature,” and is quite natural from the point of view of the Schwarz Lemma.
When the metric h is Ka¨hler, this condition is equivalent to negative holomorphic sectional
curvature. In general it is slightly stronger than negative holomorphic sectional curvature
(cf. [28]), though it is significantly weaker than the condition of negative holomorphic
bisectional curvature, which automatically implies that the underlying complex manifold is
Ka¨hler. Our classification follows from a general structural result yielding information on
the underlying complex geometry obtained from the existence of a metric with nonpositive
curvature operator:
Theorem 1.1. Let (M2n, J, h) be a compact Hermitian manifold with nonpositive curva-
ture operator. Then one of the following must hold:
(1) (M2n, J) admits a nonzero positive (1, 1) current which is ddc-exact.
(2) For any curve C in M , one has KM · C ≥ 0. In the case of negative curvature
operator, (M2n, J) is Ka¨hler, with ample canonical bundle KM .
In the case of complex surfaces (n = 2), case (2) must hold.
As remarked above, this theorem holds when h only has negative real bisectional curva-
ture. As a consequence, we partially confirm ([28] Conjecture 1.6 (d)) when the complex
dimension n = 2. Namely, when (M4, J, h) is a compact complex surface with negative
real bisectional curvature, then the canonical line bundle KM is ample.
The proof of Theorem 1.1 uses a special version of Hermitian curvature flow, namely the
pluriclosed flow [22]. Condition (1) will hold if there is no pluriclosed metric on (M2n, J)
by a result of Egidi [9]. Assuming there is a pluriclosed metric (notably unrelated to the
given metric h), we show that the solution to normalized pluriclosed flow with any initial
data exists on [0,∞). In the case of negative curvature operator we show subconvergence
of the flow to a Ka¨hler current. Given this it follows from Demailly-Paun [7] that (M2n, J)
is Fujiki class C, then we apply a result of Chiose [5] to conclude that (M2n, J) is in fact
Ka¨hler. Knowing that (M2n, J) is Ka¨hler, we apply the adaptation of the Wu-Yau result
[26] to the case of a Hermitian metric with negative curvatures on a Ka¨hler background
([24, 8, 27], building to [28]) In the case of complex surfaces, pluriclosed metrics always
exist by Gauduchon’s Theorem ([10]), and so case (2) must hold.
We note that all of the rigidity results obtained by Ricci flow mentioned above rely
on maximum principle arguments which show that the relevant curvature condition is
preserved along the flow, and moreover improves rapidly, yielding global existence con-
vergence to a canonical model. Furthermore, the two recent applications of Hermitian
curvature flow mentioned above ([17, 25]) are strong maximum principle arguments which
only rely on the fact that the flows preserve certain curvature conditions. Specifically, they
are perturbative in nature, and do not require understanding the long time behavior of
the flow. Here the presence of a metric with negative curvature operator is used as a
background against which to compare the evolving metric for arbitrary initial data These
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estimates are key in establishing the global existence of the pluriclosed flow, which is
crucial in obtaining the limiting Ka¨hler current, and hence the rigidity of the underlying
complex manifold.
Acknowledgements: The authors would like to thank Saikee Yeung and Jean-Pierre
Demailly for helpful comments.
2. Proofs of Theorems
2.1. Reduction of Pluriclosed flow. As stated in the introduction, the main technical
input into the proofs is to establish global existence and weak convergence of the pluri-
closed flow on Hermitian backgrounds of nonpositive curvature operator. To begin we
recall basic aspects of this equation. Given (M2n, J), a Hermitian metric ω is pluriclosed
if
ddcω = 0.
A one-parameter family of pluriclosed metrics ωt is a solution of normalized pluriclosed
flow [22] if
∂
∂t
ω = ∂∂∗gω + ∂∂
∗
ω − ρC(ω)− ω,(2.1)
where ρC(ω) denotes the representative of the first Chern class with respect to the Chern
connection associated to ω. Pluriclosed metrics are not locally described by potential
functions, rather by potential (1, 0)-forms. Thus we cannot reduce (2.1) to a scalar PDE,
but it is possible to reduce to a PDE for a (1, 0) form, and this was carried out in general
in [21]. We recall this construction here, with an important modification that we choose
a one-parameter family of background tensors which are not a priori positive definite. To
that end, given gt some solution to pluriclosed flow, choose h some background Hermitian
metric and consider the one-parameter family of tensors
ωˆt = e
−tω0 −
(
1− e−t) ρC(h).
Though for large t these may not be positive definite, we keep the notation ωˆ for simplicity,
and furthermore define
Tg = ∂ω, Tˆ = ∂ωˆ = e
−t∂ω0.(2.2)
Furthermore, let (βt, ft) be the unique solution of
∂
∂t
β = ∆gtβ − Tgt ◦ ∂β +
√−1 trgα Tˆ − β, β0 = 0,
∂
∂t
f = ∆gtf + trgt gˆ + log
det gt
det h
− f, f0 = 0.
(2.3)
Following the computation of ([21] Proposition 3.9), the one-form αt = βt −
√−1∂ft
satisfies
∂
∂t
α = ∆gtα− Tgα ◦ ∂α +
√−1 trgt Tˆ −
√−1∂
(
trgt gˆ + log
det gt
det h
)
− α
4 MAN-CHUN LEE AND JEFFREY STREETS
Comparing against ([21] Lemma 3.6), we obtain
∂
∂t
αt = ∂
∗
gα
ωα −
√−1
2
∂ log
det gα
det h
− α,
where ωαt = ωˆt + ∂αt + ∂αt. It follows by an elementary computation using the trans-
gression formula for the first Chern class that ωαt is the unique solution to normalized
pluriclosed flow (2.1) with initial condition ω0.
2.2. Evolution equations.
Lemma 2.1. Let (M2n, J, h) be a Hermitian manifold, suppose gt is a solution to nor-
malized pluriclosed flow on M , and suppose (βt, ft) is the associated solution of (2.3).
Then (
∂
∂t
−∆
)
|β|2gt ≤ − |∇β|2gt + 2ℜ
〈
β, trgt Tˆ
〉
− |β|2gt .(2.4)
Proof. This follows from the computations of ([21] Proposition 4.4) and the estimate of
([1] Corollary 6.5). 
Lemma 2.2. Let (M2n, J, h) be a Hermitian manifold, and suppose gt is a solution to
normalized pluriclosed flow on M . Then(
∂
∂t
−∆
)
trg h = − |Υ(g, h)|2g−1,g−1,h − 〈h,Q〉+ Ωh(g−1, g−1) + trg h,
where Qij = TikqTjlpg
lkgqp ≥ 0.
Proof. This follows from ([21] Lemma 6.2), incorporating the normalization term. 
2.3. Proofs.
Proof of Theorem 1.1. If item (1) does not hold, then by ([9] Theorem 3.3(3)), (M2n, J)
admits pluriclosed metrics. The first main goal is to show that, with any initial metric,
the solution to normalized pluriclosed flow exists for [0,∞). Let h denote the given metric
satisfying (1.1). Then by applying Lemma 2.2 for this choice of h, and using that Q ≥ 0,
we obtain (
∂
∂t
−∆
)
trg h ≤ − δ
∣∣g−1∣∣2
h
+ trg h
≤ − δ
n
(trg h)
2 + trg h.
(2.5)
We note that in this step the condition of nonpositive real bisectional curvature will suffice.
Applying the maximum principle, we see that trg h has an upper bound which is uniform
in time if δ > 0, and grows exponentially if δ = 0. Thus there is a uniform lower bound
for the metric along the flow at all finite times, and the higher regularity follows from
([21]) Theorem 1.8). Having established the long-time existence, for any curve C in M
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d
dt
Areagt(C) =
d
dt
∫
C
ωt
= −
∫
C
dd∗ωtω + ρC −Areagt(C)
= K · C −Areagt(C)
Since the area must remain positive for all finite times, it follows that K ·C ≥ 0. In case
δ > 0, as explained above there is a uniform lower bound for the metric. This implies
that the area of any curve must remain bounded away from zero, and thus K · C > 0.
Next we prove that the flow converges subsequentially to a Ka¨hler current. The key
estimate is exponential decay of β. Combining Lemma 2.1 with (2.2) and the uniform
lower bound for the metric we obtain(
∂
∂t
−∆
)
|β|2gt ≤ 2 |β|gt
∣∣∣trgt Tˆ ∣∣∣
gt
− |β|2gt
≤ 2 |β|gt e−t |trgt ∂ω0|gt − |β|
2
gt
≤ Ce−t |β|gt (trgt g0)
3
2 − |β|2gt
≤ Ce−t |β|gt − |β|2gt .
From the maximum principle we obtain the a priori estimate
sup
M×{t}
|β|2gt ≤
(
C + sup
M×{0}
|β|2g0
)
e−
t
2 .(2.6)
Using this, we first show a uniform integral estimate for the metrics along the flow. By
Gauduchon’s theorem [10] we may choose a background metric ωG such that
√−1∂∂ωn−1G =
0. Using this, integrating by parts, and applying (2.6), we estimate∫
M
ωα ∧ ωn−1G =
∫
M
(
ωˆ + ∂β + ∂β +
√−1∂∂f) ∧ ωn−1G
≤ C + ℜ
∫
M
β ∧ ∂ωn−1G
≤ C +
∫
M
|β|gt
∣∣∂ωn−1G ∣∣gt dVgt
≤ C + e− t4
∫
M
∣∣∂ωn−1G ∣∣gt dVgt
≤ C + Ce− t4
∫
M
√
trωG ωαω
n
G
≤ C + Ce− t4
(∫
M
trωG ωαω
n
G
) 1
2
= C + Ce−
t
4
(
1 +
∫
M
ωα ∧ ωn−1G
)
.
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Thus, for sufficiently large t we can absorb the extra term back on the left to obtain a
uniform estimate ∫
M
ωα ∧ ωn−1G ≤ C.
By the Banach-Alaoglu Theorem (cf. [6] Chapter III Proposition 1.23), for any sequence
{tj} → ∞ we can choose a subsequence such that ωαtj converges weakly to a limiting
current ω∞. To obtain that ω∞ is closed, we estimate similarly to the above,∣∣∣∣
∫
M
ωα ∧ dψ
∣∣∣∣ =
∣∣∣∣
∫
M
dωα ∧ ψ
∣∣∣∣
=
∣∣∣∣
∫
M
dωˆ ∧ ψ + ℜ
∫
M
∂∂β ∧ ψ
∣∣∣∣
≤ Ce−t +
∣∣∣∣
∫
M
β ∧ ∂∂ψ
∣∣∣∣
≤ Ce−t + Ce− t4
(
1 +
∫
M
ωα ∧ ωn−1G
)
≤ Ce− t4 .
Thus the limiting current is closed. It now follows from ([7] Theorem 0.7) that (M2n, J)
is of Fujiki class C. However, since M supports a pluriclosed metric, it follows from ([5]
Theorem 0.2) thatM is Ka¨hler. Since (M,J) is now Ka¨hler, it follows from ([28] Theorem
1.8) that the canonical bundle is ample.
In the case n = 2, by Gauduchon’s Theorem [10] we know that there exist pluriclosed
metrics on (M4, J), and so case (2) must hold.

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